Abstract. We show that the vanishing theorem of Bertram, Ein, and Lazarsfeld also holds for varieties with mild singularities.
Introduction
In this paper, we show that the following vanishing theorem of Bertram, Ein, and Lazarsfeld also holds for varieties with mild singularities. Using this theorem and its variations, they obtained a number of interesting results on the defining equations of smooth projective varieties. We refer to [3] for the details. Meanwhile, in [2] Bertram suggested a new approach using multiplier ideals technique. Here we follow his argument to improve their theorem. The following is our main result. The new ingredient in the paper is the connectedness theorem of Shokurov, Theorem 1.6. It is used to make sure that certain pairs are log canonical. In the statement of the previous results, since the ideal sheaf is generated by a regular sequence, X is already canonical. But it is expected to be true without the regularity condition. So we prefer to state it this way in a hope that we can remove the condition in the future. In this note we work over the field of complex numbers.
Theorem 0.1 (Theorem 7 in [3]). Let X be a smooth projective variety and let Z be a smooth subvariety of X. Let A, H be Cartier divisors on X such that |A| is base point free and H is ample. Assume that Z is cut out scheme-theoretically by

Theorem 0.2. Let X be a projective variety with log terminal singularities and let Z be a subvariety of X such that X is smooth at the generic point of Z. Let A be a Cartier divisor on X such that |A| is base point free and Z is cut out schemetheoretically by m sections s
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Preliminary
Here we collect known results which are used in the proof. Definition 1.1. Let Z be a subvariety of a variety X. Let L i , i = 1, . . . , m, be line bundles on X. We say that Z is cut out scheme-theoretically by m sections (2) Let X be a normal variety. Let ∆ be an effective Q-divisor on X such that K X + ∆ is Q-Cartier. Let f : Y → X be an embedded resolution of (X, ∆). Let
where the F i 's are exceptional divisors and a i ∈ Q. We say that (X, ∆) is We refer to [7] and [8] for the proof of the following theorems. 
Theorem 1.5. Let X be a normal variety and let S ⊂ X be a normal irreducible Cartier divisor. Let B an effective Q-divisor such that
(
1) (X, S + B) is plt near S if and only if (S, B| S ) is klt. (2) Assume that B = ∅ and S is log terminal. Then (X, S + B) is lc near S if and only if (S, B| S ) is lc.
Multiplier ideals. Here we briefly recall the multiplier ideals and list two of their properties. For the details, we refer to [4] . There things are defined on smooth settings. But with minor modifications, the definition can be extended to the logterminal setting. Let X be a log terminal variety, let G be an effective Q-Cartier divisor, and let f : Y −→ X be the embedded resolution of G such that the support,
where P and N are effective divisors with no common components. From Lemma 1.3.2 in [7] ,
We call f * O Y (P − N ) the multiplier ideal for G. Let Z(G) be the corresponding scheme, and denote the multiplier ideal for G by I Z(G) . Using a fairly standard argument, one can show that I Z(G) does not depend on the choice of the resolution.
Theorem 1.6. In the above notation,
N ∩ f −1 (p) is connected for all closed points p ∈ Z(G).
Theorem 1.7. Let X and G be as above. Let H be a Cartier divisor on
X such that H −K X −G is nef and big. Then H k (X, I Z(G) ⊗O X (H)) = 0 for all k > 0.
Proof of Theorem 0.2
We set A i := d i A. Let f : X −→ X be the blowing up at Z with the exceptional divisor E and let g : Y −→ X be an embedded resolution of E. We set h = f • g, and F = g * E. Now choose a generic divisor 
(X, E) is purely log terminal and K
Proof.
(1) Since the ideal sheaf of Z is generated by a regular sequence, E is irreducible and log terminal. Let
Then, since X is smooth at generic points of Z, codimX − U ≥ 2. Thus X is smooth in codimension 1. Now for a moment we assume that X is CohenMacaulay, so that X is normal. Let i be the integer such that iK X is Cartier.
is a divisorial sheaf and X is normal (cf. [9] ),
Now (X, E) is purely log terminal by Theorem 1.5.1.
To show that X is Cohen-Macaulay, we may assume that X = Spec(R) for a Noetherian local ring R with the maximal ideal m, and Z = Spec(R/I), where I is an ideal of R generated by an R-regular sequence (a 1 , · · · , a e ) in m. We induct on the codimension of Z. If e = 1, then Z is a Cartier divisor in X. Thus X = X and X is Cohen-Macaulay. Now assume that e > 1. We choose a close point p in E. Then there are constants λ 1 , · · · , λ e in C such that the proper transform of V (λ 1 a 1 + · · · + λ e a e ) in X contains p. We put
Since being a regular sequence does not depend on the order of the elements in the sequence, we may assume that λ e = 0. Suppose there is b ∈ A such that b · a e ∈ (a 1 , · · · , a e−1 ). Then b · λ e a e ∈ (a 1 , · · · , a e−1 ) and b ∈ (a 1 , · · · , a e−1 ). Thus (a 1 , · · · , a e−1 , a e ) is also an A-regular sequence in m. Now let V = Spec(R/(a e )). Since X is Cohen-Macaulay, V is also Cohen-Macaulay. Then from the induction hypothesis, the blowing up of V at I Z/V is also Cohen-Macaulay. Thus X is CohenMacaulay at p.
(2) Let F i ∈ |f * A i − E| be the divisor corresponding to s i . Since Z is cut out scheme-theoretically,
The following lemma is due to Bertram. We give the proof for the convenience of the readers. 
. Now the vanishing follows from the exact sequence
To show that (X, B 1 + · · · + B e ) is log canonical, we will use the following lemma to reduce to the codimension 2 case. Proof.
(1) We use induction. We assume that it is true for j :
Since B i is generic, from the above inequality and Lemma 2.1.2, every irreducible component of B i | X j intersecting E j also intersects E j − f −1 j (W ). Thus for dimension reasons, for such components except B, they should contains a whole fiber of f j | Ej . So they must intersect with B, which contradicts Lemma 2.1.2 and Bertini's theorem. Thus B is the unique component intersecting E j . Now to show that E j ∩ B is irreducible, again we note that dim f 
Note that it is now enough to show that (X e−2 , B e−1 | Xe−2 + B e | Xe−2 ) is log canonical near Z. In fact, using Theorem 1.5.2 and Lemma 2.3.2 repeatedly, we obtain that (X, B 1 + · · · + B e ) is log canonical near Z. We set
Since (X, E) is purely log terminal by Lemma 2. 
Remarks
Here we make some remarks on the proof and the condition imposed on Z in Theorem 0.2. We keep the same notation as in §2.
3.1. Log terminal singularities. Log terminal singularities are normal by definition. Thus on curves they are simply smooth points. For surfaces or higher dimensional varieties, it is well-known that quotient singularities are log terminal, and log terminal singularities are rational (cf. [5] , [7] , [9] ). So, Du Val singularities (rational double points),
A n :
are log terminal, where x, y, z is an analytic coordinate of C 3 at (0, 0, 0). And the threefold hypersurface singularities given locally analytically by the following type are known [9, 2.1] to be log terminal at (0, 0, 0, 0):
where f (x, y, z) is one of the five polynomials above and g(x, y, z, t) is arbitrary. For example, S :
has four A 1 -type singularities at (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1). Thus Theorem 0.2 applies to S and its Veronese imbeddings. On surfaces, however, log terminal singularities are also quotient singularities. But there are rational surface singularities that are not log terminal. Kawamata [6] has shown that minimal centers (Z in our proof is one of them) has only log terminal singularities.
3.2. Z with isolated singularities. As Ein has kindly pointed out to us, if Z has only isolated singularities, then we get the same vanishing theorem. In fact, a similar argument would produce an ideal sheaf J so that 0 → J → I a Z −→ Q → 0 is exact, dim Supp Q = 0, and the vanishing in Theorem 0.2 holds for J . Thus I a Z also has the vanishing properties. As a corollary, we see that the main theorem also applies to Z if Z is a normal surface. This is true if, for example, E is irreducible. It would be interesting to know if Z being log terminal implies (3.1). For surfaces, it is easy to prove. Proposition 3.1. Let p ∈ S ⊂ C n be a log terminal singularity. Then the exceptional divisor of the blowing up of C n at I S is irreducible.
Proof. Log terminal surface singularities are rational surface singularities (cf. [5] ). Thus the multiplicity m of S at p is one less than the embedded dimension of S at p [1] . So we may assume that n = m + 1. Now we cut out S by two generic hyperplanes through p to obtain a zero dimensional subscheme W ⊂ C m−1 . Since the length of W is m and the embedded dimension of W is m − 1, the ideal of W in C m−1 is given by the square of the maximal ideal of p in C m−1 . But the blowing up of C m−1 at such an ideal is precisely the blowing up at the maximal ideal itself. Thus the exceptional divisor of the blowing up of C n at I S is irreducible.
